In [RV], Remmert and Van de Ven conjectured that if X is the image of a surjective holomorphic map from P n , then X is biholomorphic to P n . This conjecture was proved by Lazarsfeld [Laz] using Mori's proof of Hartshorne's conjecture [Mr]. Then Lazarsfeld raised a more general problem, which was completely answered in the positive by Hwang and Mok.
Theorem 1. [HM2] [HM5] Let S = G/P be a rational homogeneous manifold of Picard number 1. For any surjective holomorphic map f : S → X to a projective manifold X, either X is a projective space, or f is a biholomorphism.
The aim of this article is to give a generalization of Theorem 1. We will show that modulo canonical projections, Theorem 1 is true when G is simple without the assumption on Picard number. We need to find a dominating and generically unsplit family of rational curves which are of positive degree with respect to a given nef line bundle on X. Such family may not exist in general but we will prove its existence under certain assumption which is applicable in our situation.
Main statement
(1.1) When S is a hyperquadric, Theorem 1 is proved by Paranjape and Srinivas [PS] in characteristic 0 and by Cho and Sato [CS] in arbitrary characteristic. Tsai [Ts] proved the case when S is a Hermitian symmetric space. The complete statement is proved by Hwang and Mok [HM2] [HM5] . The aim of this article is to generalize Theorem 1 to the case when G is simple and S is of higher Picard number. This means that S = G/Q where Q is a parabolic but not maximal parabolic subgroup of G. In this case there are of course non-finite holomorphic maps, namely the canonical projections from S onto rational homogeneous spaces of smaller Picard number which correspond to parabolic subgroups Q ′ strictly containing Q. If f : S → X is a surjective holomorphic map onto a projective manifold which is not finite, we will show that f factors through a canonical projection to a finite map. When f is finite, we will prove that either X is a projective space or f is a biholomorphism. Here is the main result of this article.
Main Theorem. Let G be a connected, simply-connected simple complex Lie group, Q ⊂ G be a parabolic subgroup, S = G/Q be the corresponding rational homogeneous space, dim(S) = n, and f : S → X be a holomorphic surjective map from S to a projective manifold X. Then one of the following holds.
1. f is a biholomorphism.
2. f : S → X is a finite map and X is the projective space P n .
3. There exists a parabolic subgroup Q ′ of G containing Q as a proper subgroup such that f factors through a finite map g : G/Q ′ → X.
In case (3), f = g • ρ, ρ : G/Q → G/Q ′ is an equivariant holomorphic fibration. Alternatives (1) and (2) apply to g : G/Q ′ → X, we have either g : G/Q ′ → X is a biholomorphism or X is the projective space P m , m = dim(G/Q ′ ).
(1.2) Hwang and Mok gave two different proofs of Theorem 1. In their first proof [HM2] , they reduced the theorem to the following extension problem.
Proposition 2. [HM2] Let S be a rational homogeneous manifold of Picard number 1 different from P n and f : S → X be a finite holomorphic map to a projective manifold X different from P n . Let s, t ∈ S be an arbitrary pair of distinct points such that f (s) = f (t) and f is unramified at s and t. Write ϕ for the unique germ of holomorphic map at s, with target space S, such that ϕ(s) = t and f • ϕ = f . Then ϕ extends to a biholomorphic automorphism of S.
Once Proposition 2 is proved, they concluded that f : S → X must be a quotient map by a finite group action, S is a hyperquadric and X is the projective space. To prove Proposition 2, they considered the so called variety of minimal rational tangents C x ⊂ PT x (X) at a general point x ∈ X outside the ramification divisor R. If X is not the projective space, they proved that f −1 (C x ) ⊂ PT s (S) is a proper P -invariant subset which is preserved by ϕ. Here for any point s ∈ S, PT s (S) is identified with PT o (S), o = eQ, by G-action. On S there is a canonical tower {0} ⊂ D 1 ⊂ D 2 ⊂ · · · ⊂ D m = T (S) of equivariant distributions. If ϕ does not preserve any linearly degenerate proper subset of PT o (S), then S is a Hermitian symmetric space and ϕ preserves the highest weight orbit W. Otherwise ϕ preserves a proper P -invariant distribution which must be of the form D k for some k < m. If S is a contact space, then the Lagrangian property of the highest weight orbit W will imply that ϕ preserves W. When S is not a Hermitian symmetric space nor a contact space, they used the Lie algebra structure to prove that ϕ preserves D 1 if ϕ preserves D k for some k < m. Then Proposition 2 follows from a theorem of Yamaguchi (Proposition 28) on differential system. The second proof of Theorem 1 used no Lie theory. If X is not the projective space, one can choose a non-linear C x at general x ∈ X. Essential to [HM5] is the proof that any holomorphic vector field on S descends to a holomorphic vector field on X by df if C x is non-linear. The latter relies on a general Cartan-Fubini extension principle for Fano manifolds of Picard number 1.
Since the Cartan-Fubini extension principle of [HM5] does not in general apply in the case of higher Picard number, we adopt the approach of [HM2] . When S is of Picard number larger than 1, the equivariant distributions on S are multigraded. An equivariant distribution on S is integrable if it is the relative tangent bundle of the fibers of a canonical projection. The Main Theorem is proved in the following way. The case when f is not finite is easily reduced to the case when f is finite. Suppose that the Main Theorem is false, let l be the minimum positive integer such that there exist a rational homogeneous space of Picard number l and a finite ramified holomorphic map f : S → X from S to a projective manifold X different from P n . Following the approach of Hwang and Mok's proof of Theorem 1 in [HM2] , we consider and analyze the pull-back df −1 (C x ) of varieties of minimal rational tangents (c.f. (2.1)) on X. The induced intertwining map ϕ, as defined in Proposition 2, preserves a proper Q s -invariant subset of PT s (S). Then ϕ also preserves the linear span of df −1 (C x ). In the higher Picard number case, the main difficulty comes from the existence of proper equivariant integrable distributions on S. We follow the method in [HM2] to show that either ϕ preserves D 1 or ϕ preserves a proper equivariant integrable distribution D (Proposition 24). In the former case, we either apply Yamaguchi's Theorem (Proposition 28) as in [HM2] if it is applicable or reduce the problem to the latter case when Yamaguchi's Theorem cannot be applied. In the latter case, f induces holomorphic maps ψ : X → X ′ and
is commutative, where π is a canonical projection with D = ker(dπ).
In order to proceed, we need to find a dominating and generically unsplit family of rational curves which are transversal to the fibers of ψ generically, i.e., of positive degree with respect to ψ * L ′ where L ′ is an ample line bundle on X ′ . We will call it a ψ * L ′ -effective minimal rational component. The standard Mori's bend-and-break argument does not guarantee the existence of such family. The difficulty is that a free rational curve may split in such a way that the free components lie on the fibers and the transversal components are not free. The major input of the present proof is the existence of such a family under the condition that f restricted on the general fiber of π is unramified or that f ′ is bijective. When either of these conditions holds, we can find an equivariant distribution preserved by ϕ which is transversal to D. The first condition enable us to replace ( †) by a similar diagram until f restricted on the general fiber of π is ramified. Using the second condition and a base extension argument, we prove that the image under f of the general fiber of π cannot be a projective space. Thus a contradiction to the minimality of l is obtained.
When S = S 1 × S 2 , where S 1 and S 2 are rational homogeneous spaces associated with simple Lie groups, there are holomorphic maps on S where the analogue of Main Theorem does not hold. For example, we may take two holomorphic maps f i : S i → X i , i = 1, 2, such that at least one of them is ramified and consider their Cartesian product f = (f 1 , f 2 ). Then f is not an isomorphism and its image is not the projective space. Thus the assumption that G is simple in the statement of Main Theorem is necessary. One may ask whether there are holomorphic maps other than this type violating analogue of Main Theorem. When studying this problem, one has to deal with the possibility that df −1 (C x ) is equal to the union of two linear subspaces PT s (S 1 ) ∪ PT s (S 2 ). Our method cannot be applied and new ingredient will be needed in this case.
(1.3) When f is not finite, the following proposition from [Bl] reduces the problem to the case when f is finite.
Proposition 3. (Proposition I.1 of [Bl] ) Let f : S → X be a surjective holomorphic map from S onto a projective manifold X. Then there exists a subgroup Q ′ of G containing Q such that f induces a finite map g : G/Q ′ → X.
Variety of minimal rational tangents
We present some basic properties of rational curves on projective manifolds and refer the reader to [Ko] and [HM3] for a detailed account. We will also define a notion of L 0 -effective minimal rational tangents for a nef line bundle L 0 .
(2.1) Let X be an n-dimensional projective manifold. Let Hom bir (P 1 , X) be the scheme parametrizing morphisms from P 1 to X which are birational onto its image and Hom n bir (P 1 , X) be its normalization. Let RatCurves(X) ⊂ Chow(X) be the quasi-projective subvariety whose points correspond to irreducible and generically reduced rational curves on X and RatCurves n (X) be its normalization. The automorphism group Aut(P 1 ) acts on Hom n bir (P 1 , X) naturally and we have the following commutative diagram
.
Let
[l] ∈ RatCurves n (X) and φ : P 1 → l be a normalization of l. φ * T (X) ∼ = O(a 1 ) ⊕ · · · ⊕ O(a n ) by the Grothendieck splitting theorem. When φ * T (X) is semipositive, i.e. a i ≥ 0, we say that [l] is a free rational curve. X is said to be uniruled if it possesses a free rational curve. A point x ∈ X in a uniruled projective manifold is called a very general point if every rational curve passing through x is free. We say is proper for a general point x ∈ X. We will call H a minimal rational component if it is dominating and generically unsplit. By Mori's bend-and-break argument a general member of a minimal rational component H is a standard rational curve. However, a dominating component of RatCurves n (X) whose general member is standard may fail to be a minimal rational component.
Suppose H is a minimal rational component. At a general point x ∈ X, every member of H x is a free rational curve. Hence, the normalization H x of H x is smooth. Moreover, a general member of H x is standard. Consider the tangent map τ x : H x − − → PT x (X) which sends a curve that is smooth at x to its tangent direction at x. We define the variety of minimal rational tangents C x associated with H at x to be the proper transform of H x under the tangent map. τ x is regular and of maximal rank at a point of H x corresponding to a standard rational curve, so that C x is of the same dimension as H x . Kebekus showed that at a general point x ∈ X any member of H x is immersed at x (Theorem 3.3 [Ke] ), and the tangent map τ x is a finite morphism (Theorem 3.4 [Ke] ). Combining a result of Hwang and Mok [HM5] that at a general point x ∈ X, τ x is also birational onto its image, we know that the normalization of C x is smooth, but not necessarily irreducible, for a general point x.
The most useful example of variety of minimal rational tangents is the one associated with H of minimal degree. Let L be an ample line bundle on X. The degree of any member of an irreducible component H with respect to L is the same. We call this the degree of H with respect to L. If H is of minimal degree with respect to L among all dominating components, then H is a minimal rational component. When X is of Picard number larger than 1, we require something more.
Definition 4. Let L 0 be a nef line bundle on X. A L 0 -effective minimal rational component H ⊂ RatCurves n (X) is an irreducible component of rational curves such that 1. H is a minimal rational component.
2. H is of positive degree with respect to L 0 .
An obvious way to try to get L 0 -effective minimal rational component is to consider component of minimal degree with respect to a fixed ample line bundle L among all dominating components of positive degree with respect to L 0 . But a component obtained in this way may fail to be generically unsplit. For example, consider the Hirzebruch surface of genus one F 1 = P(O P 1 (1) ⊕ O P 1 ) and the pull-back π * H of the hyperplane bundle on P 1 , where π : F 1 → P 1 is the natural projection. Then a component obtained by the above process is not a minimal rational component. In fact there is no π * H-effective minimal rational component on F 1 . Therefore a L 0 -effective minimal rational component may fail to exist in general. Fortunately in our situation, we are able to prove its existence under some additional assumptions.
The variety of minimal rational tangents is important in studying Lazarsfeld's problem because of the following proposition from [HM2] .
Proposition 5. Let f : S = G/Q → X be a finite morphism from a rational homogeneous space S to a projective manifold X different from P n . Let H be a minimal rational component on X and C x be the variety of minimal rational tangents associated with H at x = f (s). Then each irreducible component of df
(2.2) Now we assume that there is a commutative diagram
as in (1.2). Fix an ample line bundles L ′ on X ′ . We have the following criterion for the existence of a ψ * L ′ -effective minimal rational component. Proof. It suffices to prove that H is generically unsplit. Let R be the ramification divisor of f and x ∈ X be a point outside f (R). Let {C λ } be an algebraic family of rational curves parametrized by some algebraic curve B such that C λ ∈ H x generically. We need to show that all C λ are irreducible curves. Suppose for some λ, C λ = C 1 + C 2 + · · · + C k is reducible. Since C λ is of positive degree with respect to ψ * L ′ , one of the components, say C 1 , is of positive degree with respect to ψ * L ′ . Now R = π * R ′ , where R ′ ⊂ S ′ is the ramification divisor of f ′ , and f (R) is disjoint from the fiber of ψ which contains x. We may further assume that C 1 contains a point on the fiber of ψ containing x. Thus C 1 is not contained in f (R). We claim that C 1 is free. Otherwise, T (X)| C 1 is not semi-positive and
But T (S) restricted to any curve on S is nef by the homogeneity of S. This is impossible and hence C 1 is a free rational curve of positive degree with respect to
This contradicts the minimality of degree of H with respect to L among all dominating component of positive degree with respect to ψ * L ′ . Therefore all C λ are irreducible.
Rational homogeneous spaces and equivariant distributions on them
The basic references to this section are [Ya] and [HM2] .
(3.1) Let G be a connected and simply-connected simple complex Lie group. A parabolic subgroup Q of G is a closed Lie subgroup such that the space of left coset G/Q is projective-algebraic. The quotient S = G/Q is called a rational homogeneous space. We will only consider the case where G is simple. Let g be the Lie algebra of G and q be the parabolic subalgebra corresponding to Q. Fix a Levi decomposition q = u + l, where u is nilpotent and l is reductive, and a Cartan subalgebra h ⊂ l, which is also a Cartan subalgebra of g. We have the root system Φ ⊂ h * of g with respect to h. We can choose a set of positive roots uniquely by requiring that u is contained in the span of negative root spaces. (Our sign conventions follow [HM2] so that positive roots correspond to positive line bundles and are different from those of other references, e.g. from [Ya] .) Fix a system of simple roots ∆ = {α 1 , · · · , α r }. Let ∆ 0 = {α ∈ ∆ : α(z) = 0} where z is the center of l and ∆ 1 = ∆ \ ∆ 0 = {α r 1 , · · · , α r l }. Then z i = {z ∈ z : α r j (z) = 0, for any j = i}, 1 ≤ i ≤ l, are one-dimensional subalgebras of z and {z 1 , · · · , z l } generate z. We say that q is the parabolic subalgebra associated to ∆ 1 , and S is of type (g, ∆ 1 ). Define
Then g k is an eigenspace for the adjoint representation of z. In fact there exists
gives a multi-graded Lie algebra structure on g. Here the depth m i of the i-th node α r i is the largest integer such that Φ ··· ,m i ,··· = ∅, i-th entry is m i , and the total depth m is the largest integer such that Φ m = ∅. If m = 1, then l = 1 and S is a Hermitian symmetric space. If m = 2, dim g 2 = 1 ,then the bracket [, ] : g 1 ×g 1 → g 2 is non-degenerate and S is a contact space. We have
The tangent space T o (S), o = eQ, can be identified with g/q canonically, which can be identified with
partially ordered by inclusion which corresponds to the natural order on
is a fiber subbundle defined by the union of the translates of 
(3.2) To describe all equivariant distributions, we need the following two elementary lemmas. The proofs are similar and we will only prove the second one.
Lemma 7. Let α, β ∈ Φ + be two positive roots with α < β, then there exists a sequence of simple roots α i 1 , · · · , α is such that
and the partial sum
are all roots for any positive integer 1 ≤ t ≤ s.
Proof. Let {α 1 , · · · , α k } = ∆ be the set of all simple roots and
We will prove the lemma by induction on |β − α|. Suppose
It is easy to see that |γ − α|, |γ − β| ≤ s. By induction hypothesis, there exists sequence of simple roots joining γ with α and β and the sequence of simple roots we needed exists. Hence there is a highest weight η in Φ k 1 ,··· ,k l and every α ∈ Φ k 1 ,··· ,k l ascends to η. Therefore each g k 1 ,··· ,k l is an irreducible L-module.
We can now describe all equivariant distributions.
Let C * i ⊂ Q, 1 ≤ i ≤ l, be the group corresponding to z i ⊂ z, where z i = {z ∈ z : α r j (z) = 0, for any j = i}, 1 ≤ i ≤ l and z is the center of the Lie algebra
by Lemma 8. Therefore V must be of the form
where Λ ⊂ Z l is a finite subset which is the set of maximal elements ofΛ = {λ ∈
This completes the proof of the proposition. 
Thus D is the relative tangent bundle of the fibers of the projection π : generates the whole tangent space T (S) as a differential system. In this paper, we will only consider equivariant distribution and will sometimes drop the word equivariant.
Induced fibration on the target manifold and rational curves transversal to them
From now on, S = G/Q will denote a rational homogeneous space and f : S → X is a finite surjective holomorphic map onto projective manifold X. Let s, t ∈ S be an arbitrary pair of distinct points such that f (s) = f (t) and f is unramified at s and t. Write ϕ for the unique germ of holomorphic map at s, with target space S, such that ϕ(s) = t and f • ϕ = f . We will call ϕ the induced intertwining map.
The main difficulty of generalizing Theorem 2 to higher Picard number case is that the equivariant distribution D spanned by the pull back df −1 C x of a variety of minimal rational tangents at a general point x on X may be contained in a proper equivariant integrable distribution. In [HM2] , the authors considered the rank of F η where F η is a map defined from the Frobenius bracket induced by D to recover D 1 from D and conclude that ϕ preserves D 1 in the Picard number 1 case. This method cannot be applied directly in the current situation since on one hand D may itself be integrable so that the rank is always zero. On the other hand, when S is of Picard number larger than 1, it may happen that D does not contain D 1 and it is impossible to recover D 1 from D by considering the rank of F η only. In this section, we prove that if D is contained in an integrable distribution, then there exists a commutative diagram ( †) as in Proposition 12. Then the existence of a ψ * L ′ -effective minimal rational component enable us to find a ϕ-preserving equivariant distribution which is transversal to D under certain assumption.
(4.1) We prove an analogue of Proposition 6 in [HM2] .
Proposition 11. If S is of Picard number l > 1 and X is not P n , then the induced intertwining map ϕ preserves a proper equivariant distribution D of S.
Proof. Identify PT s (S) and PT t (S) with PT o (S) by G-action. Let W 1 = W 1,0,··· ,0 ∪ · · ·∪W 0,··· ,0,1 be the union of highest weight L-orbits in Pg 1 and A ∈ PGL(T o (S)) be the algebraic subgroup generated by [dϕ] and the image of Q in PGL(T o (S)) under the isotropy representation. By Proposition 5, ϕ preserves a proper Q-invariant subset df −1 (C x ), where x = f (s) = f (t). By the same proof as in Proposition 5 of [HM2] , any linearly non-degenerate invariant closed subvariety of PT o (S) must contain W . In particular, if df −1 (C x ) does not contain W 1 , then the linear span of df −1 (C x ) is a proper Q-invariant subset of PT o (S) preserved under ϕ. Thus we may assume without loss of generality that df
is linearly non-degenerate. Then, one of the irreducible components of A · W 1 is linearly nondegenerate in PT o (S) since a direct sum of Q-invariant proper subspaces of T o (S) remains proper by Corollary 10. It follows that one of E := A · W 0,··· ,0,1,0,··· ,0 is linearly non-degenerate. Now B := E − E is a constructible A-invariant subset. It's Zariski closure B ⊂ E is a proper A-invariant subvariety. If B is linearly nondegenerate, then B contains W 1 by the observation made in the beginning, therefore it contains E which is absurd. If B is a non-empty linearly degenerate subset, then the linear span of B ⊂ PT o (S) gives a proper Q-invariant vector subspace preserved by ϕ. Finally, if B = ∅ ,then E ⊂ PT o (S) is a proper connected homogeneous submanifold. By the proof of Proposition 6 in [HM2] , S is a Hermitian symmetric space which must be of Picard number 1 (see (3.1)). This contradicts our assumption on S.
If D in the above proposition is contained in the kernel of a canonical projection π : S → S ′ , we have an induced fibration on X by the following proposition.
Proposition 12. If ϕ preserves an integrable distribution D = ker(dπ ∆ ′ ) for some ∆ ′ ⊂ ∆ 1 , then there exists a surjective morphism ψ : X → X ′ over a normal variety X ′ and a finite morphism
is commutative with π = π ∆ ′ .
Proof. Let X ′ be an irreducible component of the Chow space of X containing the
′ be the universal family morphism associated to X ′ . By taking reduced structures of the complex spaces involved and then taking normalization, we may assume that F and X ′ are reduced and normal. Since f is finite, there exists only a finite number of subvarieties through each point of X, which are the images under f of fibers of π. It follows that φ is a finite morphism. On the other hand, since φ parametrizes the leaves of a foliation, it must be a birational map. Thus φ is an isomorphism and we get ψ = µ • φ −1 : X → X ′ .
(4.2) Now we describe line bundles and rational curves associated to roots of the Lie algebra. The following is taken from [HM3] . [Se] . Let now C ρ ⊂ S be the PSL(2, C) orbit of o = eQ under the Lie group S ρ ∼ = PSL(2, C), S ρ ⊂ G with Lie algebra s ρ . Let α r i be the i-th simple root in ∆ 1 and ω r i be the r i -th fundamental weight with ω r i (H α j ) = δ r i j . Let E i be the underlying vector space of the representation of G, with lowest weight −ω r i and υ ∈ E i be a lowest weight vector. We have Hυ = −ω r i (H)υ for any H ∈ h. The stabilizer of the action of G on [υ] ∈ PE i is precisely the maximum parabolic subgroup P i . Therefore this action defines an embedding τ :
, where π i is the canonical projection and O(1) is the hyperplane bundle on PE i , is a line bundle on S. For the rational curve C ρ with ω r i (H ρ ) = k we have H ρ υ = −kυ. Since H ρ is a generator of the weight lattice of s ρ , the pull-back of O(1) on PE i to C ρ , which is the dual of the tautological line bundle, gives a holomorphic line bundle ∼ = O(k). In particular, for ρ = α r j we have ω r i (H r j ) = δ ij so that L j = C αr j ⊂ S represents a rational curve of degree 1 with respect to L j and of degree 0 with respect to L i for i = j.
(4.3) In the rest of this section, we assume that there exists a commutative diagram ( †) as in Proposition 12. In Proposition 6, we have given a criterion for the existence of a ψ * L ′ -effective minimal rational component. Now we are going to give one more criterion. The following lemma will be used.
Lemma 13. Let L and L ′ be ample line bundles on X and X ′ respectively. If f ′ is bijective, then for any rational curve C on X which is of positive degree with respect to ψ * L ′ , there exists a free rational curve C f on X which is also of positive degree with respect to
Proof. Identify X ′ with S ′ by f ′ . Let Q ′ ⊃ Q be the parabolic subgroup where S ′ = G/Q ′ and q ′ ⊃ q be the Lie algebra associated with Q ′ . Denote ∆ the set of simple roots, ∆ 1 = ∆ \ q and are generators in P ic(S) and H 2 (S, Z) [BE] 
This implies that
To get C f , apply G action to C j if necessary so that f * (C j ) is free.
Let L and L ′ be ample line bundles on X and X ′ respectively. Let H ⊂ RatCurves n (X) be an irreducible dominating component of positive degree with respect to ψ * L ′ which is of minimal degree with respect to L among all dominating components of positive degree with respect to ψ
Proof. As in the proof of Proposition 6, we show that H is generically unsplit. Let {C λ } be an one parameter family of rational curves such that C λ ∈ H generically. Assume that C λ = C 1 + · · · + C k is reducible for some λ such that C 1 is a component of positive degree with respect to ψ * L ′ . By Lemma 13, there exists a free rational curve C f of positive degree with respect to
This contradicts the minimality of H.
(4.4) If f restricted on fibers of π is unramified or f ′ is bijective, then there exists ψ * L ′ -effective minimal rational component H by Proposition 6 and Proposition 14. Let s ∈ S be an unramified point so that x = f (s) ∈ X does not lie in f (R) where R is the ramification divisor. Let C x be the variety of minimal rational tangents associated to H at x. By Proposition 3 of [HM2] , there exists a variety K which parametrizes deformation of an irreducible and reduced curve on S such that
is a variety of distinguished tangents (see [HM2] for the definition) where K s is the elements of K which pass through s and κ s : K s → PT s (S) is the tangent map. By the proof of Proposition 4 in [HM2] , κ s is Q s -equivariant and D s is Q s -invariant at a very general point. Let D = ker dπ. We want to show that ϕ preserves an integrable distribution which is contained in the complementary integrable distribution D c of D. To do this, we need to prove that D s ∩ PD s = ∅. An element of K is of positive degree with respect to f * ψ * L ′ and thus is not tangent to D at a generic point. To prove that it is not tangent to D at every point, we need to study foliations on PT (S) defined by orbits of highest weight vectors. Let η ∈ g 0,··· ,0,1,0,··· ,0 ⊂ g 1 be a highest weight vector. We have seen in (4.2) that there is a rational curve C η associated with η. Let F o be the set of rational curves obtained by applying Q-action on C η and W o ⊂ PT o (S) be the highest weight orbit of η. Lemma 16. Let η ∈ W s be a highest weight vector, ζ ∈ T s (S) be a vector not proportional to η. There exists γ ∈ Q s which fixes η and acts non-trivially on ζ. (v) can be lifted to curves on PT (S) by the natural projection. Let L be the tautological line bundle on PT (S). For any t v ∈ L v which is a tangent of Ψ s (v) and Φ s (v) on S at s, let t 1 , t 0 ∈ T v (PT (S)) be the tangents of Ψ s (v) and Φ s (v) at s which descend to t v under the natural projection. Note that t 1 − t 0 ∈ T v (PT s (S)) since it projects to zero under the natural projection.
Proof. Identify T s (S) with
) is a Q s -invariant section. We are going to show that θ must be zero everywhere. Suppose there exists v 0 ∈ W s such that θ(v 0 ) = 0. Let η ∈ L v 0 be a non-zero vector and 0 =ζ = θ(v 0 )(η) ∈ T v 0 (PT s (S)). Writeζ = ζ(modCv 0 ). Then η and ζ are not proportional. By Lemma 16 there is an element in Q s which fixes η and acts non-trivially on ζ. This is impossible since θ is Q s -invariant. Thus θ must be identically zero. This implies that the foliation defined by D and W are the same on W. Therefore the integral curves of D are the same as W. Thus K contains F . 
The Frobenius bracket and Chern numbers
In this section, we are going to prove Proposition 24 which says that if ϕ preserves a proper equivariant distribution D, then ϕ preserves either D 1 or a proper integrable distribution. This proposition is an analogue of Proposition 10 in [HM2] except that in the situation of [HM2] , proper integrable distributions do not arise since S is of Picard number one. When S is of Picard number one, there is a filtration by equivariant distributions
To prove Proposition 10 of [HM2] , Hwang and Mok showed that D 1 can be recovered by D k . First they made the observation that any P -invariant subset (S = G/P ) which is not contained in D 1 must contain the highest weight orbit W 2 ⊂ PD 2 (Proposition 5, [HM2] ). Since the rank of F ξ is constant along the P -orbit of ξ and is lower-semi-continuous on ξ ∈ D o , Proposition 10 of [HM2] is reduced to the inequality rankF η 1 < rankF η 2 , where η i , i = 1, 2, is the highest weight vector in D i . The required inequality is obtained from the relationship between the rank of F ξ and the Chern number of T (S)/D i restricted on the rational curve associated with highest weight vector. When S is of Picard number larger than 1, we need to study the more complicated multi-filtration by equivariant distributions on S.
(5.1) By considering the (C * ) l -action corresponding to z on q, where z is the center of l and l is the reductive Lie algebra corresponding to a Levi decomposition q = u + l, we have the following analogue of Proposition 5 of [HM2] with a similar proof. 
The Frobenius bracket agrees with the Lie bracket of left invariant vector fields g on G and we have Lemma 21. Let ρ : G → S = G/Q be the natural projection and D be an equivariant distribution on S. Letη,ξ ∈ g be left invariant vector fields on
where [·, ·] is the Lie bracket on g. Lemma 22. For each highest root α ∈ Φ k 1 ,··· ,k l , the rational curve C α has degree k i αr i ,αr i α,α with respect to L i . In particular if α j ∈ g 0,··· ,0,1,0,··· ,0 , j-th entry is 1, then
Therefore the r i -th fundamental weight defining L i has value s i
Let D be a proper equivariant distribution. It is known from Proposition 9 that D = λ∈Λ D λ for some finite set Λ ⊂ Z l with λ > 0 for all λ ∈ Λ. Let α ∈ Φ k 1 ,··· ,k l be a highest root and η = η α ∈ g α be a highest weight vector such that
To calculate the first Chern number of T (S)/D restricted to C α , define inductively a sequence
Here
η denotes the natural projection. On the other hand, denoteΛ
for k ∈ Z, where α is identified with an element in Z l . We may define 
where
and we have F
we have F
and so on. The following Lemma is an extension of Lemma 8 in [HM2] with the assumption on length of roots removed.
Lemma 23. For each highest root α ∈ Φ k 1 ,··· ,k l and highest weight vector η = η α ∈ g α , the first Chern number of T (S)/D restricted to C α is Proof. By Grothendieck's splitting, the Chern number of T (S)/D restricted to C α is β∈Φ + \ΦΛ β(H α ), where ΦΛ = {γ ∈ Φ + : γ ∈ g λ , λ ∈Λ}. Now β(H α ) = p − q where β − pα, · · · , β + qα is the maximal α-string through β. By the structure of simple Lie algebra, the length of a maximal string depends on the ratio of the lengths of β, α and is at most 4. We have corresponding g 0,...,0,1,0,...,0,0,0,...,0 , g 0,. ..,0,0,0,...,0,1,0,...,0 respectively. By Lemma 22, the degree of C η 11 are larger than or equal to the degree of C η 10 + C η 01 with respect to L t for all 1 ≤ t ≤ l. Therefore
This equality along with Lemma 23 gives
Since both terms on the left side of the above inequality are positive, both of them are strictly smaller than the right side. Since
η ) is lower semi-continuous with respect to η, the set
is a closed equivariant subset preserved by ϕ which contains η 10 , η 01 and does not contain η 11 . By the construction of η 11 , S is disjoint from any highest weight orbit of the form W 0,...,0,1,0,...,0,1,0,...,0 . By Proposition 20, S and thus its linear span is contained in 1≤i≤l D 0,...,0,m i ,0,...,0 and is preserved by ϕ. For the rest of the proof, we replace D by this distribution. We will finish the proof of Proposition 24 case by case. Observe that if ϕ preserves a proper distribution of D 1 , then ϕ preserves the proper integrable equivariant distribution generated by this distribution. Therefore it suffices to show that ϕ preserves an equivariant distribution which is contained in D 1 . If D contains an equivariant distribution of the form D 0,...,0,2,0,...,0 , let η 1 , η 2 be highest weight vectors in g 0,...,0,1,0,...,0 and g 0,...,0,2,0,...,0 respectively. Using the same argument above, we can conclude that ϕ preserves an equivariant subdistribution of D which contains D 0,...,0,1,0,...,0 and does not contain D 0,...,0,2,0,...,0 by establishing the inequality
Then it follows readily that ϕ preserves a distribution which is contained in D 1 . First we consider the case when all roots in ∆ 1 are of maximal length. This includes the cases when 1. g is of type A, D or E, i.e. when all roots are of equal length, or 2. g is of type B k and ∆ 1 ⊂ {α 1 , · · · , α k−1 }, or 3. g is of type C k and ∆ 1 = {α k }, or 4. g is of type F 4 and ∆ 1 ⊂ {α 3 , α 4 }, or 5. g is of type G 2 and ∆ 1 = {α 2 }, where the numbering of roots in [Ti] is being used. In Case 3 or Case 5, S is of Picard number 1 which has been studied in [HM2] .
Lemma 25. Suppose all simple roots in ∆ 1 are maximal, then ϕ preserves an equivariant distribution which is contained in D 1 .
Proof. Let η 1 and η 2 be highest weight vectors in g 0,...,0,1,0,...,0 and g 0,...,0,2,0,...,0 . The roots correspond to η 1 and η 2 are also maximal as all simple roots in ∆ 1 are maximal. By Lemma 22, c(
and the desired inequality ( * ) is obtained. We remark that for t = 1, 2,
ηt ) = 0 in this case.
Next we consider the case when ∆ 1 contains a maximal root. This includes the following four cases.
1. g is of type B k and α i ∈ ∆ 1 for some 1 ≤ i ≤ k − 1, or 2. g is of type C k and α k ∈ ∆ 1 , or 3. g is of type F 4 and ∆ 1 contains α 3 or α 4 , or 4. g is of type G 2 and α 2 ∈ ∆ 1 . Lemma 26. If ∆ 1 contains a maximal root, then ϕ preserves an equivariant distribution which is contained in D 1 .
Proof. We only need to consider the cases when some roots in ∆ 1 are not maximal. In each of these cases, there is only one node of depth m i > 1. Let
In this case α r l = α k ∈ ∆ 1 , otherwise all roots are maximal. The only node of depth larger than 1 is α r l = α k . We have m 1 = m 2 = · · · = m l−1 = 1 and m l = 2. By direct computation
For C k and G 2 : In this case α r l = α k ∈ ∆ 1 , otherwise ∆ 1 does not contain a maximal root. We have
There is no node of depth larger than 1 and nothing is needed to prove. For It remains to consider the case when all roots in ∆ 1 are short roots. This includes the following four cases.
1. g is of type B k and ∆ 1 = {α k }, or 2. g is of type C k and ∆ 1 ⊂ {α 1 , · · · , α k−1 }, or 3. g is of type F 4 and ∆ 1 ⊂ {α 1 , α 2 }, or 4. g is of type G 2 and ∆ 1 = {α 1 }.
In Case 1, Case 4 or Case 3 with ∆ 1 = {α 1 , α 2 }, S is of Picard number 1. So we only need to study Case 2 and Case 3 with ∆ 1 = {α 1 , α 2 }. We will prove that ϕ preserves one of the minimal integrable distributions. The proof of Proposition 24 is completed by the following lemma.
Lemma 27. Suppose ∆ 1 does not contain maximal root, then ϕ preserves one of the minimal integrable distributions. When S is of type
It is obvious that ϕ preserves E j for all j > 0. Now 
Integrable distributions
The aim of this section is to show that the first case of Proposition 24 can be reduced to the second case. We will assume that ϕ preserves D 1 in this section.
(6.1) We first consider the case when S is neither of type (
In this case, the following theorem of Tanaka and Yamaguchi concerning differential systems can be applied.
Proposition 28. [Ya] [Ta] Let S be a rational homogenous space and U ⊂ S be a connected open set. Then a holomorphic vector field on U can be extended to a global holomorphic vector field on S if it preserves D 1 | U except for the following cases.
1. S is of depth 1, i.e., S is a Hermitian symmetric space, 2. S is a contact space,
Furthermore if S is a Hermitian symmetric space or a contact space, then a holomorphic vector field on U can be extended to a global holomorphic vector field on S if it preserves W 1 .
Theorem 5.2 of [Ya] says that a local holomorphic vector field on S preserving D 1 can be extended to a global holomorphic vector field on S provided that S is not of type in the above list. We state the theorem in the above form in order to apply it more directly. This theorem contradicts with the following proposition and therefore ϕ cannot preserve D 1 in this case.
Proposition 29. Suppose S is of Picard number l > 1 and f is ramified, then ϕ cannot be extended to a biholomorphic automorphism of S.
Proof. Suppose the ramification divisor R of f is not empty and ϕ can be extended to a biholomorphic automorphism. From [HM2] Proposition 14, there exists a finite subgroup F ⊂ Aut(S) which fixes R pointwise. Let γ ∈ F be a non-identity element and p ∈ R be a point fixed by γ. γ acts on T p (S) ∼ = g/q. Since γ fixes every vector in
is an eigenvector of γ with eigenvalue λ = 0, 1. γ induces an automorphism of g preserving q. Since γ(D 1 ) generates g/q and is a Q-invariant linear subspace, γ( 
1 , contradicting the fact that eigenspace associated to λ is one dimensional.
, we show that ϕ preserves one of the minimal integrable distributions. Note that D 0,1 is integrable since m 2 = 1 in this case. When i = k, we have
Proof. Let η 10 and η 01 be highest weight vectors in
Using the same argument as above, ϕ preserves D 0,1 .
When S is of type (A k , {α 1 , α k }), i.e., S is a contact space of Picard number 2, there are two proper integrable distributions D 1,0 and D 0,1 . To prove that ϕ preserves one of them, we define a Q-invariant subvariety I ⊂ PT (S) and show that any Q-invariant subvariety not contained in PD 1,0 ∪ PD 0,1 must contain I. Now S is biholomorphic to P(T (PV )) = {(X, H) ∈ PV × PV * : X ∈ H}, where V is a k + 1-dimensional vector space over C. We have G = GL(V ) and
It suffices to prove the following lemma.
Lemma 32. Q (X,H) acts on I ′ transitively.
We are going to construct an A ∈ Q (X,H) such that A · ζ 1 ⊕ η 1 = ζ 2 ⊕ η 2 . Choose a decomposition V = X ⊕ H/X ⊕ V /H and u ∈ X. Let A 1 ∈ GL(X) be the identity and take A 2 ∈ GL(H/X) which sends ζ 1 (u) to ζ 2 (u) and ker(η 1 ) to ker(η 2 ). Note that this is possible since Im(ζ 1 ) ⊂ ker(η 1 ) and Im(ζ 2 ) ⊂ ker(η 2 ). Let v ∈ H/X − ker(η 2 ) and take A 3 ∈ GL(V /H) which sends η 1 (A −1 2 (v)) to η 2 (v). Note that for any w ∈ H/X, A 3 sends η 1 (A −1 2 (w)) to η 2 (w) since A −1 2 (w) ∈ ker(η 1 ) if and only if w ∈ ker(η 2 ) and ker(η 1 ) is of codimension one. Consider A = A 1 ⊕ A 2 ⊕ A 3 ∈ GL(V ), it is straight forward to check that A · ζ 1 ⊕ η 1 (u ⊕ w) = ζ 2 ⊕ η 2 (u ⊕ w) for any u ∈ X and w ∈ H/X.
To prove that ϕ preserves a proper integrable distribution, we need Lemma 33. (Lemma on p.94, [Mk] ) Let U be an open set in P k and ϕ : U → P k be an injective holomorphic map such that ϕ(U ∩ H) is contained in an hyperplane for any hyperplane H ⊂ P k . Then ϕ extends to a biholomorphism of P k .
The statement of the above lemma in [Mk] is for k = 2 but the proof is valid in higher dimension by replacing "lines in P 2 " by "hyperplanes in P k ".
Lemma 34. If S is of type (A k , {α 1 , α k }) and ϕ preserves PD 1,0 ∪ PD 0,1 , then ϕ can be extended to an automorphism of S.
Proof. Suppose ϕ preserves PD 1,0 ∪ PD 0,1 . By composing with an automorphism of S switching PD 1,0 and PD 0,1 , we may assume that ϕ preserves PD 1,0 and PD 0,1 . Since ϕ preserves PD 1,0 and PD 0,1 , there exists ϕ 1 : π 1 (U) → PV and ϕ 2 : π 2 (U) → PV * such that ϕ((X, H)) = (ϕ 1 (X), ϕ 2 (H)) for any (X, H) ∈ U, where U is the domain of ϕ and π i , i = 1, 2, are the natural projections on S ⊂ PV × PV * . For any X ∈ π 1 (U) and X ⊂ H, ϕ 1 (X) is contained in the hyperplane ϕ 2 (H) since (ϕ 1 (X), ϕ 2 (H)) ∈ S. By Lemma 33, ϕ 1 can be extended to a global automorphism ϕ 1 of PV . Similarly, ϕ 2 can be extended to a global automorphismφ 2 of PV * . Since the global automorphismφ :=φ 1 ×φ 2 of PV × PV * agrees with ϕ on the open subset U of S,φ| S is an automorphism of S extending ϕ.
Proof. Let C f (s) be a variety of minimal rational tangent at f (s). Suppose df Proof. Let π 1 : S → S 1 and π 2 : S → S 2 be projections with ker(dπ 1 ) = D and ker(dπ 2 ) = D c . Let l 1 , l 2 and l be the Picard numbers of S 1 , S 2 and S respectively. Let F 1 and F 2 be generic fibers of π 1 and π 2 . There are precisely l 2 highest-weight rational curves on F 1 and l 1 highest-weight rational curves on F 2 , such that the set of l = l 1 + l 2 rational curves are homologically independent, generating H 2 (S), which is of rank l. Now R · C = 0 for any such curve C and we conclude that R is cohomologically trivial, implying that R = ∅.
Proposition 37. If S is of Picard number l > 1 and ϕ preserves a proper equivariant distribution, then there exists a commutative diagram ( †) as in Proposition 12 such that f restricted on fibers of π is ramified and dim(X ′ ) > 0. In particular X is not the projective space.
Proof. We have proved that if ϕ preserves a proper equivariant distribution, then ϕ preserves a proper integrable distribution D. We claim that one may choose D so that f restricted on integral submanifolds of D are ramified. Suppose f restricted on integral submanifolds of D are unramified. Then ϕ preserves an integrable distribution E such that D ∩ E = {0} by Proposition 19. Let H be the equivariant distribution generated by D and E. If H = T (S), then E is the complementary distribution of D and f restricted on integral submanifolds of E must be ramified by Lemma 36. If H is a proper distribution, replace D by H until f restricted on integral submanifolds of H are ramified. By Proposition 12, we get the desired diagram ( †) with dim(X ′ ) > 0.
The following lemma says that we may assume f ′ is bijective. Now we prove that ϕ cannot preserve all minimal integrable distributions.
Lemma 39. Let π 1 : S → S 1 and π 2 : S → S 2 be two canonical projections on S such that π 1 × π 2 : S → S 1 × S 2 is injective and S 1 is of Picard number 1. For any s ∈ S, let F Proof. Define for any s 1 ∈ S 1 ,
Then V s 1 defines an equivariant distribution on S 1 . Write π = π 1 × π 2 . If V s 1 = T s 1 (S 1 ), then dπ(T s (S)) = T π(s) (S 1 × S 2 ) and π : S → S 1 × S 2 is bijective. This implies that G is not simple which violates our assumption. Since S 1 is of Picard number one, there is no non-trivial proper equivariant distribution on S 1 . Therefore V s 1 = {0} for all s 1 ∈ S 1 .
Lemma 40. Let π 1 : S → S Then f ′ 1 is unramified. Proof. Let R 0 ⊂ S ′ 1 be the set of points such that f ′ 1 fails to be a local biholomorphism and R 1 be the union of the components of R 0 of codimension 1. Suppose R 1 = ∅, let p ∈ R ∩ π −1 2 (s 2 ) be a point on the ramification divisor R ⊂ X of f so that df ′ 2s 2 is an isomorphism. For any v ∈ ker(df p ), dπ 2 (v) = 0 since f ′ 2 • π 2 = ψ 2 • f . Therefore v ∈ ker(df p ) ∩ ker(dπ 2p ). Consider the subset E = {p ∈ S : ker(df p ) ∩ ker(dπ 2 ) = {0}} ⊂ S of codimension one. For any x ∈ E and non-zero v x ∈ ker(df x ) ∩ker(dπ 2 ), df ′ 1 (dπ 1 (v x )) = dψ 1 (df (v x )) = 0 but dπ 1 (v x ) = 0 as v x ∈ ker(dπ 2 ). Thus π 1 [E] ⊂ R 1 . Since E and R 1 are of codimension one in S and S ′ 1 , E contains some fiber π −1 1 (s 1 ) for some s 1 ∈ S ′ 1 . We may choose s 1 such that dim(ker(df ′ 1s 1 )) = 1. Then for any s ∈ π −1 1 (s 1 ), there exists v s ∈ ker(dπ 2 ) ⊂ T s (F Proof of Main Theorem. Let l ≥ 2 be the least positive integer such that there exists a rational homogeneous space S of Picard number l and a surjective ramified holomorphic map f : S → X from S to a projective manifold X different from the projective space. Then the induced intertwining map ϕ preserves a proper integrable distribution D. So there exists a commutative diagram ( †) such that ker(dπ) = D and f restricted on fibers of π is ramified by Proposition 37. We may assume that ) > 0 for any η ∈ D and ϕ preserves a proper equivariant distribution which is contained in the sum of all minimal integrable distributions contained in D. By Proposition 37, there exists a finite surjective ramified holomorphic map from the fiber of π, which is of Picard number smaller than l, to a projective manifold different from the projective space. This contradicts the minimality of l.
Remark
It is a natural question to try to extend Main Theorem to include the case where G is not simple. When G is not simple, the domain S is a Cartesian product, and the pullback of variety of minimal rational tangents to X can be studied using the product structure of S. Using the method of Hwang-Mok [HM4] for the study of holomorphic maps with smooth images on Abelian varieties, we are able to describe all surjective holomorphic maps from S to projective manifolds. This will be discussed on a forthcoming paper [Lau] .
